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Static and Dynamic Analysis of Mooring Lines
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and
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A general, computationally efficient approach for treating mooring line static and dynamic response
problems is presented. The technique is a form of incremental linearization. An initial equilibrium
configuration is obtained from explicit integration of the nonlinear equations including only the domi-
nant loading. Other loadings are then considered as increments in the equations which are linearized
for each load. The line solution or transfer matrix formulation is used to compute the small deforma-
tion due to each increment. Changes in mooring line properties and loads are accommodated.

Nomenclature

A = cross-sectional area of the mooring line
Cn - drag coefficient of the mooring line for flows normal to

the line elements
D(R,<$) = normal hydrodynamic load per unit length of the moor-

ing line
E = modulus of elasticity of the mooring line
F(R,$) = tangential hydrodynamic load per unit length of the

mooring line
ht = unstretched length of the ith segment of the mooring

line
mxx>myv = added mass components per unit length of mooring line
R - normal component of the hydrodynamic force arising

from the current per unit length of the mooring line
S = unstretched length of the mooring line
t = time
T = tension of the mooring line
v = increment of the relative velocity
V = relative velocity of the water current
w = increment of buoyant weight of the mooring line
W = buoyant weight of the mooring line
(x,y) = increment of the components of the location
(X, Y) = coordinate components of the location
A£ = increment of the tension
0 = increment of the angle
$ = angle between the tangent of the trajectory of the moor-

ing line and the x axis

Introduction

ALMOST all offshore operations and deep ocean installa-
tions involve mooring lines. The reliability of such off-
shore moorings is an essential ingredient in the reliability
of the installations and in the success of the operations. It
is therefore very important that the performance of the
mooring lines subject to the environmental forces in the
ocean can be accurately predicted.

The literature contains many solutions for two-point
and initial value cable problems. However, some impor-
tant mooring line problems involve loading-dependent
boundary conditions and unknown initial conditions.
Many such problems are essentially one-point problems
with unknown initial conditions for which cable solution
methods encounter difficulties.
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Mooring line performance has been the subject of many
recent investigations. Reviews of portions of the literature
have been provided by Beateaux1 and Cararella and Par-
sons.2 Nearly all existing methods can be categorized into
four general approaches: the explicit integration solutions,
the incremental integration solutions, the finite element
methods, and finite difference solutions. These solutions
are limited by restrictions on the type of mooring lines
that can be treated and/or on the type of external forces
of the environment accepted. The primary sources of the
difficulties can be attributed to the nonlinearity of the
equations of motion and the fact that the boundary condi-
tions are functions of the external loads and time.

The method presented here is an effective combination
of the explicit integration solution, the line solution tech-
nique, and the incremental deformation approach for non-
linear structural analyses. Such a combination removes
the difficulties encountered by the existing methods. The
proposed method is appropriate for both two- and three-
dimensional problems. For reasons of simplicity, the de-
tailed discussions and formulations are limited to the two-
dimensional problem.

The Problem and Existing Solution Methods

The equations of motion of the mooring line can be ex-
pressed in many forms depending on personal preference
and the simplifying assumptions involved. It should be
noted that many formulations for suspended cables and
transmission lines are not suitable for mooring lines be-
cause of the assumption of high tension and large radius
of curvature. The following formulation is an extension of
Pode's equations.3 This type of formulation, which is sim-
pler than those using higher-order derivatives of the coor-

Fig. 1 A two-dimen-
sional mooring sys-

tem.



30 P. Y. CHANG AND W. D. PILKEY J. HYDRONAUTICS

Fig. 2 A segment of
cable.

dinate variables x and y, is commonly used in the general
approaches to this problem.

Equations

A segment of the two-dimensional cable system of Fig. 1
is shown in Fig. 2 with common environmental forces.
Equilibrium conditions applied to this stretched segment
lead to

Finite Element Method

The finite element method has been used successfully
for many structural problems. It seems quite natural that
this powerful method can also be applied with similar
success to mooring line problems. This is not entirely
true. First of all, the basic assumption of the usual finite
element method is that the structure behaves linearly so
that the principle of superposition is valid. Since mooring
line problems are nonlinear, the use of ordinary finite ele-
ment methods is not valid. Secondly, the finite element
method is limited to problems with prescribed external
forces and boundary conditions. For most mooring line
problems, the external loads depend on the deformation
whereas the boundary conditions depend on the external
forces and time. For example, in the case of a single buoy
mooring line of given length, both the position and force
at the buoy end depend on the external loads.

Iterative procedures have been developed for related
problems8'9 in order to overcome the limitations of the
ordinary finite element method. Skop and O'Hara10 intro-
duced a technique that employs static equilibrium and an
iteration process for static problems.

W
— X cos*

w / wf —

where the inertia forces, mxxX = mxxd2X/dt2, myyY =
myyd2y/dt2, caused by the motion of the mooring line, are
included. Here mxx, myy are components of the added
mass/length in the x and y directions. Other added mass
components of second order have been neglected. It fol-
lows from geometric considerations of the segment of Fig.
2 that

-TTT ) sin<l> (2)

Explicit Integration

Since Eqs. (1) and (2) are nonlinear, even for a static
problem, a general explicit solution cannot be derived.
References 1 and 3 contain comprehensive summaries of
existing explicit static solutions to simplified forms of
Eqs. (1). Dynamic problems are complicated and even
more simplifying assumptions are required to permit ex-
plicit solutions. One commonly used assumption is that
the tension throughout the cable is great and the defor-
mation is small so that the nonlinear terms in the differ-
ential equation can be neglected. This leads to string
theory. Numerous contributions, e.g., those in Refs. 4-6,
have been made along this line for the problems of sus-
pended structures, guy cables, and transmission lines. But
string theory is not truly suitable for mooring line prob-
lems. However, Alexandrov7 has applied this theory to the
dynamics of mooring line problems. The result is valid for
very restricted cases only.

Finite Difference Method

The finite difference method is more flexible than the
finite element method for mooring line problems. It en-
counters the same difficulties in the position-dependent
external forces and the time and external force-dependent
boundary conditions, but similar iterative schemes can
also be used. Walton and Polachek11 developed a numeri-
cal method for the transient motions of submerged cables
using finite differences and the Newton-Raphson iterative
method. Their method is limited to problems with pre-
scribed boundary conditions and initial positions. It is
also limited to short cables because the elasticity of the
cable is neglected. Nath and Felix12 have developed a fi-
nite difference method for cables in deep water. Their
method is also restricted to load-independent boundary
conditions.

Incremental Integration

Incremental integration entails an approximate integra-
tion of the differential equations of motion using small el-
ements of cable length. This approach is sometimes re-
ferred to as the numerical integration method, although
"incremental integration" is more indicative 9f the proce-
dure involved. Either given or estimated initial conditions
are required. In the latter case, an iteration process is
used to seek the correct solution. This kind of iteration
can be very time-consuming and may even fail to converge
for some cases, depending on the accuracy of the estimat-
ed initial values.

Using incremental integration, Reid13 contributed prob-
ably the most general dynamic analysis of mooring lines.
His equations are three-dimensional and include damping.
But his method entails all of the limitations of incremen-
tal integration and encounters more than the usual dif-
ficulties because more variables and more computation
steps are involved in each increment. No control over i]iu-
merical errors or convergence checks are included in his
formulation.

The incremental integration method is usually suffi-
ciently accurate for mooring lines under high tension.
When the line is long and the tension in some sections is
small, the errors involved become significant.13 Some-
times accuracy of the incremental integration approach
can be improved by using an initial estimate obtained by
explicit integration of a similar yet simpler configuration
and by taking the concept of a critical angle3 into ac-
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count. In fact, if the initial values lie on the wrong side of
the critical angle, incremental integration can never reach
the correct solution.

The Present Approach

The method put forth here combines an incremental lin-
earization with a line solution approach. The nonlinear
equations are solved by an incremental linearization simi-
lar to those used for nonlinear structural analyses by finite
elements.15 To explain this technique, consider a set of
equations G(U,P} — 0 governing the responses U = \Uh i
= 1, . . ., MIJ °f a structure subjected to a set of external
loads P = {Pi, i = 1, . . ., 7i21. Let dU = {dUtl i = 1, . . ., m|
be the additional responses due to a small increment of
loads dP = \dPi, i = 1, . . ., n2\. We can restrict dP such
that the additional responses are essentially linear. With
this procedure, the nonlinear responses can be calculated
by a series of linear analyses. The relations between the
previous responses and loads and the additional responses
and loads can be expressed as

_
dU (3)

where the i - I index indicates the previous system while
i is for the ith increments of responses and loads.

The nonlinear structural analysis must be initiated with
a set of small loads from the zero load configuration.
Since explicit mooring line solutions are available for
some loading conditions, the incremental process can start
from a configuration due to the dominant load. Frequently
the other loads are relatively small and the problem can
be accurately solved by a single increment. For most
mooring line problems the normal hydrodynamic load
dominates while the tangential hydrodynamic load and
buoyant weight remain relatively small. We shall consider
this case. Equations similar to those to be treated here
can be readily derived for problems in which the buoyant
weight is the dominant force.

Let X, Y, <£, T represent the first state of the nonlinear
system, i.e., a mooring line subjected to normal hydrody-
namic load only. The solution for this case with D(R,$) =
jRsin2<£, including the effect of stretching, can be ex-
pressed as

T = T0

S -- [TO/* (l + ) ] (cot^>0 - cot*)

(4)

= (T0//2) [in tan - In tan + F0

These correspond to the solution of Eqs. (1) and (2) with
no inertia terms.

Let ha be a small segment along the cable between
points a and a - 1. Then the static form of Eqs. (1) can
be reduced to

Loads taken into account in Eqs. (5), yet neglected in
Eqs. (4), are then considered as increments. Consider the
case of D(Ra,$a-i) = #sin2$a_i, F(Ra,3>a-i) = fR, where
/ is a scalar factor. Since Eqs. (4) do not consider the buoy-
ant weight and the tangential hydrodynamic load fR, the
forces and fR are introduced through the incremental load-
ing procedure. Thus, the incremental loads are taken as dD
= 0, d W = w, and 5F = fR. Application of Eq. (3) to Eqs.
(5) gives

where A£, </> have replaced 5T, 5$. Any other forms of
F(R,$) and D(R,$) are acceptable in this formulation, in-
cluding concentrated loads and weights. For example, if D
in the above case is given by D(Ra,$a-i) = /2(sin2$a_i +
b cos$a-i), where b is a constant, then dD = /2&cos$a_i,
5W=w,5F = fR. The term

would appear on the right hand side of Eq. (7).
The components of the position vector can now be cal-

culated as

(8)

yn = E si

where n is the number of line segments of length ha need-
ed to reach the location at which X + x and Y + y are to
be calculated.

If w and fR are large in comparison with R, it may be
, necessary to divide them into several increments and use
Ta + ta, $a + 0a obtained from Eqs. (6) and (7) as the
prestressed configuration. This process can be repeated as
many times as necessary. For most mooring line static
problems one increment suffices.

For convenience, Eqs. (6) and (7) can be written in the
line solution or transfer matrix form

0 A,

AA (9)

ot-l

where

(5)
A

A, =

= haw sin*.., -fR(\ + ̂ )ha,

TJ- rv -a-1
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or

Fa=La.17a.1 (10)

where La_i is the 3 X 3 transfer matrix in Eq. (9) and

Va = {A; a,0a,l}, Fa_! - {A/ O. l f 0 a_ 1 ? 1|.

The progressive multiplication characterizing the line so-
lution approach gives

and for a = M at the end

(11)

(12)

This final equation relates the parameters or state vari-
ables 4>a, Ata at any point to the parameters at one end of
the line. For given boundary conditions. Atn, <f>n, A£0, and
0o can be obtained without iteration.

Varying Properties along the Length

Mooring lines may have variable cross sections or may
even be made of different materials along the length.
These can be taken into consideration simply by inserting
different stiffness values in the appropriate transfer ma-
trices.

Concentrated Loads

Concentrated loads of small magnitude can be taken
into account through a transfer matrix similar to Eq. (9).
If Ha and Va are the horizontal and vertical components of
the concentrated loads at a, then the transfer or point
matrix is

A/

1
(13)

0 -(Va sin$a -Ha cos$ A /

0 1 (l/Tj(Ha sin$a -

0 0 1

If the loads are large, they should be considered in the
nonlinear analysis. Here, apply Eq. (10) from 0 to a - 0
for T«-o, $a-o.

(14)
-Ha cos<i>a

where Va and Ha are positive in the positive x and y direc-
tions, respectively.

Dynamic Analysis

The incremental linearization method can also be used
for a dynamic analysis. Let T, <f>, X, Y represent the stat-
ic equilibrium condition and A£(t), 0(0, x ( t ) , y ( t ) be the

motion due to the change of current v(t) or any other dy-
namic load. From the compatibility and equilibrium con-
ditions of the mooring lines, if only first-order terms are
retained, we find

Normal drag = 1/2 Cn|>2 + 2Vv(t)] = R + CnVv(t)

D = [R + CnVv(t)] sin2($ + 0(0]

= R sin $ + CnVv(t) sin2<i>

p =fR + fCnVv(t]

It follows from Eqs. (8) that

(15)

(16)

(17)

The inertia forces at a due to the small motion are then

*„ E 0 i - 1 <
i = 1

Y + m»)y =
(!

(18)

j +

If terms including v({), 0(0 are treated as load incre-
ments, we obtain equations similar to Eqs. (6) and (7).

cos*,,.! -

+ hn( —

(19)

ha
'^V?

^r-^
7 a- l

(20)
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For harmonic motion let

for all a (21)

v - v

Substitution of Eqs. (21) into Eqs. (19) and (20) yield
time independent relations in 0«*, Ata*, u* similar to Eqs.
(6) and (7). By the same steps as those from Eqs. (6) to
(12) we have

L12 1/1

^22 ^2

0 1

(22)

summation until Y + y is equal to the specified depth. In
general, it is necessary to take a fraction, r, of the length
of some segment hk such that the required depth is equal
to

E

- _
a "~

for a < k
for a = k

The required length of the mooring line is

L = £ ha
a = 1

where LtJ are the elements of the overall transfer matrix.
In this particular case L13, L2s involve terms with v* only.

To find the natural frequencies, set va = 0 for all a.
Equations (22) reduce to

A/* -^ 12

(23)

The natural frequencies can be computed from Eq. (23)
for given boundary conditions. If the tension and the in-
clination at n are the same as for the static equilibrium
condition, then Atn* = 0W* = 0 and the frequency equa-
tion is given by

det

'22

= 0 (24)

If it is required that the tensions at both ends are to be
kept the same as in the static equilibrium condition, then

2) As a second problem,, assume the length L of the
mooring line is given along with the locations of the end
points. The tension and angle of inclination are sought, a)
Calculate TO, $o from Eqs. (4). b) Divide the mooring line
into n segments and calculate Ta, $a, for all a. c) Form all
transfer matrices [Eq. (9)]. d) Express Ata, </>« in terms of
A to, </>o using Eq. (11) and substitute Ata, </>«, $«, Ta into
Eqs. (8). This generates two equations for A to and 0o.
Solve for Ato, 0o, and compute Ata, 0a using Eq. (11) or
Eqs. (6) and (7). Then the total tension is Ta + At« and
the angle is <£« + 0a.

Example of a Static Analysis

Consider a problem treated by Pode.2 It is desired to
anchor a buoy in 3600 ft of water using a 7/ie in. diam
stranded cable. The cable weighs 0.27 Ib/ft in water. The
drag of the cable when normal to the stream at five knots
is 3.9 Ib/ft. The buoy has an excess buoyancy of 7300 Ib
when fully submerged and in this condition in a current of
five knots it has a dynamic lift of 1800 Ib and a drag of
5200 Ib. What is the minimum length of cable required to
insure that the buoy will never be submerged if the ocean
currents are always uniform and less than five knots?

At point 2 of Fig. 3, we know the tension is given by T%
= (91002 + 52002)1/2 = 10,500 Ib and the angle of inclination
is tan02 = 9100/5200 = 1.75 or 02 = 60.258°.

- 0 (25)

is the frequency equation.

Outline of the Static Analysis

1) Consider first a problem in which the tension T and
angle of inclination <£ are prescribed at one point. Assume
the length of mooring line is sought for a specified depth
of water, a) Treat the mooring line as though it is acted
upon by only normal hydrodynamic loads, b) The mooring
line is then divided into n segments whose lengths are not
necessarily uniform. The values of <£«, Ta are calculated
for each nodal point using Eq. (4) with S = Sa. c) Form
the transfer matrices for each segment as indicated in Eq.
(9). The boundary conditions to be applied to At, 0 are
found from known physical conditions on the ends. For
example, suppose T and <£ are given at one end in the
form <£0 + 0o = $o, TO + Ato = TO. We have from step b,
3>o = $o, TQ = f0; hence, 00 = At0 = 0. With these con-
ditions, Ata. 0a can be obtained for all a, a = 1, 2, . . ., n.
d) Substitute Ta, At«, 0a, ha into Eq. (8) and take the

Stiff Line

If the stretch of the line is neglected, we find from Eq.
(12) 0i = 17.36°, T! = 10,500 Ib. The boundary conditions
for 0, At are 02 = 0, At2 = 0. Since we begin at the top,
we use Eqs. (8) with opposite signs assigned to the terms
on the left hand side of the first two equations. We stop at

9IOOIb

2

CURRENT

3600 ft

7 5200 Ib

Fig. 3 Buoy anchor.
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Table 1 Results of example problem

Present method

Parameter

02
T2
01

Ti
S
x2 -*i

Pode's
method

60.25°
10,500 Ib
8.63°

10,240 Ib
8,700'
7,640'

No stretch

60.25°
10,500 Ib
8.67°

10,222 Ib
8,750'
7,620'

Nylon AE =
1.43 x 105

60.25°
10,500 Ib
9.48°

10,250 Ib
8,050'
7,454'

y = 3600 ft. The results are

< / > t - -8.67°, *! + 0t = 8.67°;

A*! = -278 Ib, T! + A*! - 10,222 Ib;

S = 8750 ft; x2 - xi = 7620 ft

Nylon Cable

In the case of a nylon line with AE = 143,000 Ib, we
find

0! = -7.88°, *! + 0! = 9.48°;

A/! = -250 Ib, T! + A/ j = 10,250 Ib;

S = 8050 ft; #2 -*! = 7450 ft

The results are summarized and compared with Pode's
solution in Table I.

Outline of the Dynamic Analysis

a) Compute the static equilibrium configuration of the
mooring line.

b) For harmonic loads, treat </>«*, A£* as increments of
responses and the terms with v* as increments of loads.

c) For natural frequencies, substitute A£*, 0* for A£(£),
0(t) and - co20* for <j)(t) into Eqs. (19) and (20) and set v
= 0. Then use a search procedure to find that w2 satisfies
the prescribed boundary conditions.

Summary

An efficient technique for the static and dynamic analy-
sis of mooring lines has been presented. This approach
avoids the limiting restrictions and overcomes most of the

difficulties inherent to other approaches. The coupling of
an incremental linearization with the line solution ap-
proach permits a mooring line with arbitrary geometric
configuration and physical properties to be treated.
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